Commuting homogeneous locally nilpotent derivations by Matveev, Dmitry
ar
X
iv
:1
80
5.
04
89
6v
2 
 [m
ath
.A
G]
  1
6 D
ec
 20
18
Commuting homogeneous locally nilpotent derivations
DMITRY MATVEEV
Abstract. Let X be an affine algebraic variety endowed with an action of complexity one
of an algebraic torus T. It is well known that homogeneous locally nilpotent derivations
on the algebra of regular functions K[X ] can be described in terms of proper polyhe-
dral divisors corresponding to T-variety X . We prove that homogeneous locally nilpotent
derivations commute if an only if some combinatorial criterion holds. These results are
used to describe actions of unipotent groups of dimension two on affine T-varieties.
1. Introduction
Let K be an algebraically closed field of characteristic zero, T = (K×)n be an algebraic
torus, M = X(T) ∼= Zn be the character lattice of the torus, N = Hom(M,Z) be the dual
lattice to M , and NQ = N ⊗Q.
A normal affine variety X endowed with an effective regular action of the torus T is called
T-variety. The codimension of a general orbit of the action is said to be the complexity
of the T-action. Since the action of the torus is effective, with the notation above the
complexity of the action on X equals dimX − rankM .
If the complexity of the action is zero, then the torus acts on X with an open orbit and
the variety is said to be toric. A combinatorial description of toric varieties is well known
(see [5] and [3]). The description of affine T-varieties in the case of arbitrary complexity
was obtained by K. Altmann and J. Hausen (see [1]). They proposed to assign T-varieties
in terms of so-called proper polyhedral divisors.
Any affine toric variety corresponds to some polyhedral cone σ ⊆ NQ. For an affine
T-variety, an analogous description is more complicated. An affine T-variety corresponds
to the triple (Y, σ,D), where Y is a normal semiprojective variety, σ is still a polyhedral
cone, and D is a divisor on Y whose coefficients are polyhedra with a recession cone σ.
Let Ga = (K,+) be an additive group of the ground field, and let an affine T-variety X
be endowed with an action of this group normalized by the torus T in the automorphism
group Aut(X). If general orbits of Ga-action are contained in closures of general torus
orbits, then it is said that the action is of vertical type, and of horizontal type otherwise.
It is known that Ga-actions on an affine variety X correspond to locally nilpotent deriva-
tions of the algebra K[X ] and Ga-actions normalized by a torus correspond to locally nilpo-
tent derivations on K[X ] that are homogeneous with respect to the grading induced by the
action of the torus T. The description of homogeneous locally nilpotent derivations in terms
of proper polyhedral divisors and the so called Demazure roots is obtained by A. Liendo for
actions of vertical type of arbitrary complexity (see [7]) and for actions of horizontal type of
complexity one (see [8], [2]). In addition, [2] describes pairs of Ga-subgroups corresponding
to the root subgroups of the SL2 (K) and PSL2 (K) actions.
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An objective of this paper is to describe G2a-actions on the affine T-variety X in the same
terms. In order to do that we need to describe pairs of commuting homogeneous locally
nilpotent derivations.
Since locally nilpotent derivations can be either of vertical or of horizontal type, we have
to consider three cases:
(1) both derivations are of vertical type;
(2) one derivation is of the vertical type, the another one is of horizontal type;
(3) both derivations are of horizontal type.
Case (1) is the simplest one and has already been investigated, for example, in [9]. In
cases (2) and (3) the torus action of complexity one is under consideration, because locally
nilpotent derivations of horizontal type are classified only under this assumption.
The existence of homogeneous locally nilpotent derivations of horizontal type imposes
strong restrictions on Y . The variety Y has to be isomorphic to A1 or P1. Thus, affine and
projective subcases are distinguished.
The main result of this paper is a criteria to figure out whether homogeneous locally
nilpotent derivations commute. The criteria is obtained in case (2) and in the affine subcase
of case (3).
Sections 2-4 contain the necessary preliminary information. These sections are expounded
in accordance with [2]. Section 2 is devoted to the combinatorial description of affine T-
varieties in terms of proper polyhedral divisors. Section 3 explains the connection between
locally nilpotent derivations on the algebra of regular functions of an affine T-variety and
G2a-actions on the variety. A description of locally nilpotent derivations in terms of proper
polyhedral divisors is given in Section 4.
Sections 5-7 outline the main results of the paper, Section 5 deals with derivations of the
vertical type, Section 6 investigates the conditions for commuting derivations of different
types, Section 7 discusses derivations of horizontal type. Technical statements and auxiliary
statements are included in the Appendix (Section 8).
The author is grateful to his supervisor Ivan Arzhantsev for posing the problem and
constant attention and support.
2. Combinatorical desription of T-varieties
A complete combinatorial description of normal affine varieties with effective torus action
is presented in [1]. In this section we introduce the necessary definitions and formulate the
main results of this paper.
Let M = Zn be a lattice of rank n and N = Hom(M,Z) be its dual lattice. Consider
the spaces MQ = M ⊗ Q and NQ = N ⊗ Q. The natural pairing is defined as follows
MQ ×NQ → Q, (m, p) 7→ 〈m, p〉 = p(m).
Let σ be a polyhedral cone in NQ. The set of polyhedra in NQ that can be represented
as a Minkowski sum of a cone σ and some polytope Π will be denoted as Polσ(NQ).
A cone
σ∨ = {m ∈MQ | 〈m, u〉 ≥ 0, ∀u ∈ σ} ⊂MQ
is said to be the dual cone of σ ⊆ NQ.
To each polyhedron ∆ ∈ Polσ(NQ) we associate the support function h∆ : σ
∨ → Q
defined as follows:
h∆(m) = min〈m,∆〉 := min
p∈∆
〈m, p〉.
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The minimum is attained because m is nonnegative on σ. Since the function is considered
on a polyhedron, the minimum is always reached at the vertex. Denoting {vi} by the set
of vertices of the polyhedron ∆, we obtain the expression
h∆(m) = min
i
{vi(m)} for all m ∈ σ
∨.
The definition of a projective variety over a scheme is given in [6, Chapter 4]. The normal
total variety Y constructed over the scheme is called semiprojective.
An irreducible subvariety of codimension one of the variety X is called a prime divisor.
The elements of the free Abelian group generated by all prime divisors of the variety X
are called the Weil divisors. We say that the divisor is principal if it is a divisor of some
rational function on the variety X. A Weil divisor is called a Cartier divisor or a locally
principal divisor if there exists a covering of the variety X by open sets Ui such that the
restriction of the divisor to every Ui is a principal divisor. A formal sum of prime divisors
with rational coefficients is called Q-Cartier divisor if some its multiple is a Cartier divisor.
Definition 1. We call σ-polyhedral divisor on Y a formal sum D =
∑
Z⊆Y ∆Z ·Z, where Z
are prime divisors on Y , polyhedra ∆Z ∈ Polσ(NQ) and ∆Z = σ for all but finitely many Z.
For each m ∈ σ∨, we can evaluate the divisor D at the point m:
D(m) =
∑
Z⊆Y
hZ(m) · Z,
where hZ is the support function of the polyhedron ∆Z . A σ-polyhedral divisor is said to
be proper if the following two conditions are satisfied:
(1) D(m) is semiample and Q-Cartier for all m ∈ σ∨;
(2) D(m) is big for any m ∈ rel.int(σ∨).
Here rel.int(σ∨) denotes the relative interior of the cone σ∨. A Q- Cartier divisor D ⊆ Y is
said to be semiample if there exists an integer r > 0 such that rD is base point free (that is
the divisor has no point lying in the intersection of the supports of all the divisors that are
linearly equivalent to D ), and is called big if for some r > 0 there is a linearly equivalent
to rD divisor D0 such that Y \ SuppD0 is affine.
Let T = SpecK[M ] be an n-dimensional algebraic torus with the character lattice M
and X = SpecA be an affine T-variety. The torus action T × X → X corresponds to a
homomorphism of algebras A→ A⊗K[M ] that defines M-grading on A. Conversely, every
M-grading corresponds to the action of the torus T = SpecK[M ]. We denote by σ∨M the
semigroup σ∨ ∩M and by χm the character of the torus T corresponding to the vector m
of the lattice M .
For a rational divisor D we consider the set
H0(U,OY (D)) = {f ∈ K(Y ) | div f |U +D|U ≥ 0}.
Now we are ready to formulate the theorem ([1, Section 3]) describing T-varieties in terms
of proper polyhedral divisors.
Theorem 1. To any proper σ-polyhedral divisor D on a semiprojective variety Y one can
associate a normal affine T-variety X [Y,D] = Spec A[Y,D] of dimension rankM +dimY ,
where
A[Y,D] =
⊕
m∈σ∨
M
Amχ
m and Am = H
0(Y,OY (D(m)) ⊆ K(Y ).
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Conversely, any normal affine T-variety is isomorphic to T-variety X [Y,D] for some
semiprojective variety Y and some proper σ-polyhedral divisor D on Y .
The description is not unique, but uniqueness can be achieved by imposing some mini-
mality conditions on the pair (Y,D) (see [1, Section 8]).
Corollary 1. Let D and D′ be the proper σ-polyhedral divisors on the normal semiprojective
variety Y . If for any prime divisor Z in Y there exists a vector vZ ∈ N such that
D = D′ +
∑
Z
(vZ + σ) · Z and divisor
∑
Z
〈m, vZ〉 · Zmain∀m ∈ σ
∨
M ,
then the variety X [Y,D] is equivariantly isomorphic to X [Y,D′].
Example 1. We consider the one-dimensional lattice Z of the characters of the torus
T = K×, the cone σ = {0} and the divisor D = [0, 1] · {0} on the affine line Y = A1. Then
D(m) =
{
0 · {0}, m ≥ 0
m · {0}, m < 0;
Am =
{
K[t], m ≥ 0
t−mK[t], m < 0.
We note that x = χ and y = tχ−l are generators of the algebra A =
⊕
mAmχ
m that do not
satisfy any algebraic relation. Thus, these combinatorial data define an affine plane with
the action of the torus T on K[x, y], where λ ◦ x = λx and λ ◦ y = λ−1y.
Example 2. Consider the example proposed by A. Liendo in [8]. Suppose N = Z2 and
σ = {(0, 0)}. In NQ = Q
2 we take the triangle ∆0 with the vertices (0, 0), (0, 1), (−1/4,−1)
and the divisor ∆1 = {0} × [0, 1] (Figure 1).
1
−1
−14
∆0 ⊆ NQ
1
∆1 ⊆ NQ
Fig. 1
Consider Y = A1 and D = ∆0 · {0}+∆1 · {1}. Figure 2 shows MQ divided into 4 sectors
depending on the support functions h∆0 and h∆1 values on m = (m1, m2) ∈ σ
∨ = MQ.
(1)
(3)
(2)
(4)
Q≥0(8,−1)
Q≥0(1, 0)
Q≥0(−1, 0)
Q≥0(−4, 1)
(1) h∆0(m) = −
1
4
m1 −m2, h∆1(m) = 0
(2) h∆0(m) = 0, h∆1(m) = 0
(3) h∆0(m) = m2, h∆1(m) = m2
(4) h∆0(m) = −
1
4
m1 −m2, h∆1(m) = m2.
Fig. 2
By calculating Am = H
0(Y,OY (D(m)) for each case, we obtain the following collection
of generators of the algebra A[A1,D] =
⊕
mAmχ
m:
u1 = −tχ
(4,0), u2 = χ
(−1,0), u3 = −χ
(−4,1), u4 = t(t− 1)χ
(8,−1).
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It is easy to verify that the generators satisfy the unique irreducible relation
u1 + u
2
1u
4
2 + u3u4 = 0. Thus, there is an isomorphism
A[A1,D] ∼= K[x1, x2, x3, x4]/(x1 + x
2
1x
4
2 + x3x4) (1)
with the following Z2-grading on the algebra A[A1,D]:
deg x1 = (4, 0), deg x2 = (−1, 0), deg x3 = (−4, 1), deg x4 = (8,−1).
3. Locally nilpotent derivations and Ga-actions
Let X = SpecA be an affine variety over the ground field K. By Ga we denote an additive
group of the field K. A derivation ∂ on A is said to be locally nilpotent if for any a ∈ A
there exists n ∈ Z>0 such that ∂
n(a) = 0. A locally nilpotent derivation ∂ on A corresponds
to an action of Ga on A defined by φ∂ : Ga × A → A, φ∂ : (t, f) 7→ exp(t∂)(f). Then it
follows that locally nilpotent derivation corresponds to an action of Ga on X = SpecA.
And vice versa an action of Ga on X arises from some locally nilpotent derivation on A
(see [4, Section 1.5]).
Let A = A[Y, mfD] be the algebra with M-grading from the theorem 1. A locally nilpo-
tent derivation ∂ is said to be homogeneous with respect to M-grading if it sends homoge-
neous elements into homogeneous elements. In this case, the degree deg ∂ = deg ∂(f)−deg f
of a locally nilpotent derivation ∂ is well defined for any homogeneous element f ∈ A\ker ∂.
It is said that the Ga-action is normalized by the torus T if the group Ga is normalized by
the torus as a subgroup in the automorphism group Aut(X). The Ga-action is normalized
by the torus T if and only if the corresponding locally nilpotent derivation ∂ is homogeneous
with respect to M-grading.
Next, consider the group G2a acting on the variety X. Since G
2
a = Ga × Ga specifying
the actions of this group is equivalent to specifying the actions of two commuting groups
Ga. In addition, if G
2
a is normalized by the torus T then there is an action of T on the Lie
algebra Lie(G2a) = g. The action of the torus T is diagonalizable on g. Therefore, in g we
can choose an eigen basis {x1, x2}. Then g splits into the direct sum of one-dimensional
components: g = g1 ⊕ g2 = 〈x1〉 ⊕ 〈x2〉, and {exp (txi) | t ∈ K} are isomorphic to Ga and
are normalized by the torus. Thus, the assignment of a T-normalizable G2a-action to X is
equivalent to specifying a pair of commuting homogeneous locally nilpotent derivations.
Any homogeneous locally nilpotent derivation ∂ on the algebra A can be extended to the
quotient field Quot(A). The action of the torus T on Quot(A) extends similarly. Consider
the subfield of the rational invariants Quot(A)T = K(Y ). It is said that locally nilpotent
derivation ∂ is of vertical type if ∂(K(Y )) = 0, and of horizontal type otherwise. The
fact that derivation ∂ is of vertical type geometrically means that the typical orbits of the
corresponding Ga-action lie in the T-action typical orbits closures.
4. Locally nilpotent derivations on affine T-varieties
Firstly let us consider the classification of homogeneous locally nilpotent derivations of
vertical type described on T-varieties of arbitrary complexity described in [7]. By σ(1)
denote the set of rays (a facet of dimension 1) of cone σ. Further we suppose ρ ∈ σ(1)
denoting a ray and its primitive vector of the lattice.
Definition 2. Let σ be a pointed cone in NQ. A vector e ∈ M is called Demazure root of
the cone σ, if the following conditions hold:
(1) there exist ρe ∈ σ(1) such that 〈e, ρe〉 = −1;
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(2) 〈e, ρ〉 ≥ 0 for all ρ ∈ σ(1) \ {ρe}.
A set of all Demazure roots of σ denotes by R(σ). And we say that the ray ρe is associated
with e. To simplify the notation we will sometimes write ρ for ρe.
Let A be an algebra A[Y,D] andD =
∑
Z ∆Z ·Z be σ-polyhedral divisor on semiprojective
variety Y . By {vi,Z} denote a set of vertices of polyhedron ∆Z for prime divisor Z ⊆ Y .
Let e be a Demazure root of σ. Then we consider
D(e) =
∑
Z
min
i
{vi,Z(e)} · Z and Φ
×
e = H
0(Y,OY (D(e))) \ {0}.
For every function ϕ ∈ Φ×e we set
∂e,ϕ(fχ
m) = 〈m, ρe〉 · ϕ · fχ
m+e for all m ∈ σ∨M and f ∈ K(Y ). (2)
This expression gives a derivation on A. The next theorem provides a classification for
homogeneous locally nilpotent derivations of vertical type on the variety A[Y,D] (see [7,
Theorem 2.4] and also [2, Theorem 1.7]).
Theorem 2. For each e ∈ R(σ) and function ϕ ∈ Φ×e the derivation ∂e,ϕ is a homogeneous
locally nilpotent derivation of vertical type A = A[Y,D] with degree e and kernel
ker ∂e,ϕ =
⊕
m∈τe∩M
Amχ
m,
where τe ⊆ σ
∨ is a facet of σ∨ dual to ρe. Conversely, if ∂ 6= 0 is a homogeneous locally
nilpotent derivation of fiber type on A, then ∂ is equal to ∂e,ϕ for some root e ∈ R(σ) and
some function ϕ ∈ Φ×e .
The classification of locally nilpotent derivations of horizontal type is more complex and
is known only in complexity one case. In this case Y from the triple (Y, σ,D) is a smooth
curve. As described in [8] homogeneous locally nilpotent derivations exist if Y is isomorphic
either to A1 or to P1. Within the frame of current research we consider only the case of
affine line.
Definition 3. A colored σ-polyhedral divisor Y is a collection D̂ = {D; vz ∀z ∈ Y }, where:
(1) D =
∑
z∈Y ∆z · z is a proper σ-polyhedral divisor on Y , and vz is a vertex of ∆z;
(2) vdeg :=
∑
z vz is a vertex of degD :=
∑
z ∆z;
(3) vz ∈ N with at most one exception in marked point z0. If all the vertices vz belong
to the lattice N ny point of the divisor D can be chosen for the marked point z0.
Let D̂ be a colored σ-polyhedral divisor on Y and ω ⊆ NQ be a cone generated by
degD − vdeg. By ω̂ ⊆ (N ⊕ Z)Q we denote an associated cone of the divisor D generated
by (ω, 0) and (vz0 , 1). Let also d be a positive integer such that d · vz0 ∈ N .
Definition 4. A pair (D̂, e) where D̂ is a colored σ-polyhedral divisor on Y and e ∈M is
called coherent if the following conditions hold:
(1) there exists s ∈ Z such that eˆ = (e, s) ∈ M ⊕ Z is a Demazure root of assosiated
cone ω̂ with associated ray ρˆ = (d · vz0 , d). In this case s = −1/d− vz0(e);
(2) v(e) ≥ 1 + vz(e) for each z 6= z0 and for each v 6= vz of polyhedron ∆z;
(3) d · v(e) ≥ 1 + d · vz0(e) for each v 6= vz0 of polyhedron ∆z0 .
Consider L = {m ∈ M | vz0(m) ∈ Z}. Since minimum function is linear with respect to
the Minkowski sum, D(m) is linear for all m ∈ ω∨. Since every divisor is principal on a
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line Y = A1 , there exist linear functions ϕm ∈ K(Y ) such that div(ϕm) +D(m) = 0 and
ϕm · ϕm
′
= ϕm+m
′
for all m,m′ ∈ ω∨L.
The following theorem (see [8, Theorem 3.28], and also [2, Theorem 1.10]) gives a classi-
fication for homogeneous locally nilpotent derivations of horizontal type on A[Y,D].
Theorem 3. Let X = X [Y,D] be a normal affine T-variety and Y = A1. Then homo-
geneous locally nilpotent derivations of horizontal type on the algebra A[Y,D] are in one-
to-one correspondence with coherent pairs (D̂, e), where D̂ is a colored σ-polyhedral divisor
and e ∈ M . Moreover, homogeneous locally nilpotent derivation ∂ corresponding to (D̂, e)
has degree e and kernel
ker ∂ =
⊕
m∈ω∨L
Kϕm.
Let us recall a formula for homogeneous locally nilpotent derivation corresponding to
(D̂, e). Without loss of generality we suppose z0 = 0. Since every divisor is principal on a
line we can assume vz = 0 ∈ N for all z 6= 0 by corollary 1. If we consider K[Y ] as K[t] we
obtain the following formula for ∂ (see [2, Section 1]):
∂e(t
rχm) = d(v0(m) + r) · t
r+s · χm+e for all (m, r) ∈ M ⊕ Z. (3)
Notice that if mˆ = (m, r) ∈ M ⊕ Z and χmˆ = χm · tr then ∂ is similar to the derivation of
vertical type:
∂e(χ
mˆ) = 〈mˆ, ρˆ〉 · χmˆ+eˆ for all mˆ ∈M ⊕ Z.
Example 3. Consider the derivations for the variety of example 1 defined by the divisor
D = [0, 1] · {0} on affine line. Firstly, since σ = {0} it follows that there is no Demazure
roots. Consequently there is no derivations of vertical type. We have two cases for the
derivations of horizontal type:
Case 1. v0 = {0}.
Here ω = Q≥0, ω̂ = Q
2
≥0, d = 1, eˆ = (e, s), s = −1, e ≥ 0. From Condition 3 of Corollary 4
it follows that e ≥ 1. Consequently, ∂(trχm) = r · tr−1χm+1. We have x = χ, y = tχ−1 and
∂e(x) = 0, ∂e(y) = x
e−1.
Case 2. v0 = {1}.
Here ω = Q≤0, ω̂ = Cone
(
(−1, 0), (1, 1)
)
, d = 1, eˆ = (e, s), s = −1 − e, e ≥ 0. Condition
3: 0 ≥ 1 + e, that is s ≥ 0 and e ≤ −1. Consequently, ∂(trχm) = (m+ r) · tr+sχm+e. Then
we obtain, ∂e(x) = ∂e(χ) = t
sχe+1 = tsχ−s = ys, ∂e(y) = ∂e(tχ
−1) = 0.
Thus, all homogeneous locally nilpotent derivations on the algebra with Z-gradingK[x, y],
deg x = 1, deg y = −1 are given by
xa
∂
∂y
and yb
∂
∂x
, where a, b ∈ Z≥0. (4)
Example 4. Consider the derivations for the variety of example 2. There exist 6 possibil-
ities to choose a pair of vertices for colored divisor D̂. From Condition 2 of Corollary 4 it
follows that only 4 cases are possible:
(1) v0 = (0, 0), v˜0 = (0, 0) (3) v2 = (−1/4,−1), v˜0 = (0, 0)
(2) v1 = (0, 1), v˜1 = (0, 1) (4) v2 = (−1/4,−1), v˜1 = (0, 1).
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The point z0 = 0 is a marked point in all cases. We have
(1) d = 1, ω̂ = Cone{(0, 1, 0), (−1/4,−1, 0), (0, 0, 1)}
(2) d = 1, ω̂ = Cone{(0,−1, 0), (−1/8,−1, 0), (0, 1, 1)}
(3) d = 4, ω̂ = Cone{(0, 1, 0), (1/4, 1, 0), (−1/4,−1, 1)}
(4) d = 4, ω̂ = Cone{(0, 1, 0), (1/8, 1, 0), (−1/4,−1, 1)}.
By inequalities for eˆ = (e, s) = (a, b, s), a, b, s ∈ Z in Demazure root definition and condi-
tions 2 and 3 of Corollary 4 we obtain
(1) ∂1(t
rχm) = r · tr−1χm+e, s = −1, b ≥ 1, a+ 4b ≤ −4
(2) ∂2(t
rχm) = (r +m2) · t
r+sχm+e, b+ s = −1, b ≤ −1, a+ 8b ≤ −4
(3) ∂3(t
rχm) = (4r −m1 − 4m2) · t
r+sχm+e,
a+ 4b− 4s = 1, b ≥ 1, a+ 8b ≥ 1
(4) ∂4(t
rχm) = (4r −m1 − 4m2) · t
r+sχm+e,
a+ 4b− 4s = 1, b ≤ −1, a+ 4b ≥ 1.
Derivations (1) and (3) can be easily expressed in variables x1, x2, x3, x4:
(1) ∂1 = x
−a−4b−4
2 x
b
3
∂
∂x1
− x−a−4b−42 x
b−1
3 (2x1x
4
2 + 1)
∂
∂x4
,
b ≥ 1, a+ 4b ≤ −4
(3) ∂3 = x
1
4
(a+4b−1)
1 x
b
3
∂
∂x2
− 4x
1
4
(a+4b+7)
1 x
3
2x
b−1
3
∂
∂x4
,
b ≥ 1, a+ 4b ≥ 1, a = 4k + 1, k ∈ Z.
For derivations (2) and (4) the similar formulae are quite complicated. Therefore, as
A. Liendo (see [8, Example 3.35]) we need to choose another system of generators for
the algebra. Let us consider the divisor D = ∆0 · {0}+∆
′
1 · {1}, where ∆1 = {0}× [−1, 0].
By Corollary 3 this divisor defines an isomorphic algebra of functions and T-variety. In this
case we have
x1 = −tχ
(4,0), x2 = χ
(−1,0), x3 = (1− t)χ
(−4,1), x4 = tχ
(8,−1).
Notice that under this substitution the associated cones and the basic formulae for deriva-
tions ∂2 and ∂4 have not changed. In variables x1, x2, x3, x4 we obtain the following:
(2) ∂2 = −x
−a−8b−4
2 x
−b
4
∂
∂x1
+ (x−a−8b−42 x
−b−1
4 + 2x1x
−a−8b
2 x
−b−1
4 )
∂
∂x3
,
b ≤ −1, a + 8b ≤ −4
(4) ∂4 = x
1
4
(a+8b−1)
1 x
−b
4
∂
∂x2
− 4x
1
4
(a+8b+7)
1 x
3
2x
−b−1
4
∂
∂x3
,
b ≤ −1, a + 8b ≥ 1, a = 4k + 1, k ∈ Z.
5. Commuting derivations of vertical type
In this section we recall a criteria figuring out whether two homogeneous locally nilpotent
derivations of vertical type commute or not.
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Lemma 1. The commutator of homogeneous locally nilpotent derivations of vertical type
∂e,ϕ and ∂e˜,ϕ˜ is given by
[∂e,ϕ, ∂e˜,ϕ˜] =
(
〈m, ρ˜〉〈e˜, ρ〉 − 〈m, ρ〉〈e, ρ˜〉
)
· ϕϕ˜ · fχm+e+e˜,
where ρ and ρ˜ are associated with roots e and e˜.
Proof. Using ϕ, ϕ˜ ∈ Φ×e ⊆ K(Y ) ⊆ ker ∂e,ϕ ∩ ker ∂e˜,ϕ˜, we get ∂e,ϕ(ϕ˜) = ∂e˜,ϕ˜(ϕ) = 0. Taking
into account (2), we obtain
∂e,ϕ∂e˜,ϕ˜(fχ
m) = ∂e,ϕ(〈m, ρe˜〉 · ϕ˜ · fχ
m+e˜) = 〈m, ρe˜〉 · 〈m, ρe〉 · ϕϕ˜ · fχ
m+e+e˜.
Similarly, we have
∂e˜,ϕ˜∂e,ϕ(fχ
m) = 〈m, ρe〉 · 〈m, ρe˜〉 · ϕϕ˜ · fχ
m+e+e˜.
This completes the proof. 
Proposition 1. Let ∂e,ϕ and ∂e˜,ϕ˜ be homogeneous locally nilpotent derivations of vertical
type on the algebra A = A[Y,D], where Y is a semiprojective variety and D is a proper
polyhedral divisor. Then ∂e,ϕ and ∂e˜,ϕ˜ commute if and only if one of the following conditions
holds:
(1) 〈e˜, ρ〉 = 〈e, ρ˜〉 = 0, where ρ and ρ˜ are rays associated with roots e and e˜;
(2) ρ = ρ˜.
Proof. By Lemma 1 the derivations commute if an only if
〈m, ρ˜〉〈e˜, ρ〉 − 〈m, ρ〉〈e, ρ˜〉 = 0 for all m ∈M.
Since dual pairing is linear in each of its arguments, we have〈
m, 〈e˜, ρ〉 · ρ˜− 〈e, ρ˜〉 · ρ
〉
= 0 for all m ∈M.
It follows that 〈e˜, ρ〉 · ρ˜ = 〈e, ρ˜〉 · ρ. By evaluating pairing on e and e˜, we obtain{
〈e˜, ρ〉 ·
(
〈e, ρ˜〉+ 1
)
= 0
〈e, ρ˜〉 ·
(
〈e˜, ρ〉+ 1
)
= 0.
Hence, either 〈e˜, ρ〉 = 0 or 〈e, ρ˜〉 = −1 holds. These conditions are equivalent to those ones
in the statement of the lemma. 
Remark 1. For ρ and ρ˜ there exist roots e and e˜ such that 〈e, ρ〉 = 〈e˜, ρ˜〉 = −1 and
〈e˜, ρ〉 = 〈e, ρ˜〉 = 0 if and only if the primitive vectors ρ and ρ˜ can be extended to a basis of
the lattice N .
Remark 2. The general orbits of G2a-actions corresponding to pairs of commuting locally
nilpotent derivations of case (2) preposition 1 are 1-dimensional. Indeed, the kernels of these
two locally nilpotent derivations are equal. And by [10, Proposition 3.4] regular invariants
separate general orbits of a unipotent group action on an affine variety in this case. At
the same time, commuting derivations in case (1) have different kernels, therefore general
G2a-orbits are 2-dimensional.
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6. Commuting derivations of vertical and horizontal type
Here we suppose Y to be an affine line A1. By Theorem 3 a locally nilpotent derivation
of horizontal type is defined by (D̂, e˜), where D̂ is a colored proper polyhedral divisor, and
for e˜ ∈M there exists an integer s˜ such that eˆ = (e˜, s˜) ∈M ⊕ Z is a root of the associated
cone ω̂. In appropriate coordinates we have
∂e˜(t
rχm) = d(v0(m) + r) · t
r+s˜ · χm+e˜ for all (m, r) ∈ M ⊕ Z.
Lemma 2. Let ∂e,ϕ and ∂e˜ be homogeneous locally nilpotent derivations of vertical and
horizontal type respectively on the algebra A = A[Y,D]. Then the following conditions hold:
(1) [∂e,ϕ, ∂e˜](t) = d · 〈e˜, ρe〉 · ϕ · t
s+1χe+e˜
(2) [∂e,ϕ, ∂e˜](χ
m) = d ·
(
v0(m) · 〈e˜, ρe〉 · ϕ− 〈m, ρe〉 ·
(
ϕ′ · t+ ϕ · v0(e)
))
· tsχm+e+e˜.
Proof. The first condition follows from the equality
[∂e,ϕ, ∂e˜](t) = ∂e,ϕ(∂e˜(t))− ∂e˜(∂e,ϕ(t)) = ∂e,ϕ(d · t
s+1χe˜)− 0 = d · 〈e˜, ρe〉 · ϕ · t
s+1χe+e˜.
To prove the second one let us compute ∂e,ϕ(∂e˜(χ
m)) and ∂e˜(∂e,ϕ(χ
m)). Next we have
∂e,ϕ(∂e˜(χ
m)) = ∂e,ϕ(d · v0(m) · t
sχm+e˜) = d · v0(m) · 〈m+ e˜, ρe〉 · ϕ · t
sχm+e+e˜ =
= d · v0(m) ·
(
〈m, ρe〉+ 〈e˜, ρe〉
)
· ϕ · tsχm+e+e˜
∂e˜(∂e,ϕ(χ
m)) = ∂e˜(〈m, ρe〉 · ϕ · χ
m+e) =
= 〈m, ρe〉 ·
(
∂e˜(ϕ) · χ
m+e + ϕ · d · v0(m+ e) · t
sχm+e+e˜
)
.
By the chain rule for the derivative of composition of two functions it follows that
∂e˜(ϕ) = ϕ
′ · ∂e˜(t) = ϕ
′ · d · ts+1χe˜,
where prime denotes the partial derivative with respect to t. Therefore, we obtain
∂e˜(∂e,ϕ(χ
m)) = d · 〈m, ρe〉 · t
sχm+e+e˜ ·
(
ϕ′ · t+ ϕ · v0(m+ e)
)
.
Subtracting ∂e˜(∂e,ϕ(χ
m)) from ∂e,ϕ(∂e˜(χ
m)) we obtain the second condition.

Theorem 4. Let ∂e,ϕ and ∂e˜,ϕ˜ be homogeneous locally nilpotent derivations of vertical and
horizontal type respectively on the algebra A = A[Y,D]. Then ∂e,ϕ and ∂e˜,ϕ˜ commute if and
only if one of the following conditions holds:
(1) 〈e˜, ρe〉 = 0;
(2) ϕ = ct−v0(e) ∈ Φ×e , c ∈ K, v0(e) ∈ Z.
Proof. If the commutator is equal to zero, the first expression of Lemma 2 is equal to zero
as well:
[∂e,ϕ, ∂e˜](t) = d · 〈e˜, ρe〉 · ϕ · t
s+1χe+e˜ = 0.
If ϕ ≡ 0 then the derivation of vertical type is identically zero and the statement is clear.
Otherwise ϕ, t, χ are not identically zero. Further, d is a positive integer. Hence, the
commutator applied to function t vanishes if and only if the pairing 〈e˜, ρe〉 equals zero.
Taking into account this remark we obtain the following expression for the second con-
dition of Lemma 2:
[∂e,ϕ, ∂e˜](χ
m) = −d · 〈m, ρe〉 · t
sχm+e+e˜ ·
(
ϕ′ · t+ ϕ · v0(e)
)
.
The last expression is equal to zero if and only if
ϕ′ · t+ ϕ · v0(e) = 0.
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But this is a separable differential equation in ϕ. Recall that the solution is a family of
exponential functions ct−v0(e), where c ∈ K. Finally, ϕ belongs to Φ×e by definition. This
concludes the proof. 
Remark 3. The condition ct−v0(e) ∈ Φ×e means that D(e)− v0(e) · {0} ≥ 0.
Remark 4. Under the restrictions of Theorem 4 the kernels of homogeneous locally nilpotent
derivations do not coincide and general G2a-orbits on X are 2-dimensional.
7. Commuting derivations of horizontal type
As before, we suppose Y = A1. One difficulty in working with derivations of horizontal
type is that different derivations can be simplified as in (3) in different systems of generators.
Let ∂e and ∂e˜ be homogeneous locally nilpotent derivations of horizontal type corresponding
to (D̂v, e) and (D̂v˜, e˜) respectively, where
D̂v = {D =
∑
z∈A1
∆z · z; vz} and D̂v˜ = {D =
∑
z∈A1
∆z · z; v˜z},
and z0, z˜0 are marked points. Further we suppose z˜0 = 0. By Corollary 1 we can assume
that vz = 0 for all z 6= z0. Hence, by introducing q = t− z0 we have
∂e(q
rχm) = d(vz0(m) + r) · q
r+s · χm+e for all (m, r) ∈M ⊕ Z.
To obtain the similar expression for ∂e˜, let us consider D
′ = D −
∑
z 6=0(v˜z + σ) · z. By
Corollary 1 there exists an isomorphism of varieties X [A1,D] → X [A1,D′] given by the
family of functions ϕm ∈ K(t) with divisors D′(m) −D(m) and ϕm · ϕm
′
= ϕm+m
′
. As a
result v˜′z = 0 where z 6= 0 for the divisor D
′. Thus, we obtain
∂e˜(t
r · ϕmχm) = d˜(v˜0(m) + r) · t
r+s˜ · ϕm+e˜χm+e˜ for all (m, r) ∈M ⊕ Z.
On Figure 3 colored vertices for marked points of corresponding divisor are marked with
asterisks:
A1z1 = z˜0 = 0 z2z0
vz0
v˜z0
vz1
v˜0
vz2
v˜z2
⋆
⋆
∆z0 ∆z1 ∆z2
Fig. 3
Definition 5. A system of generators of the algebra A is said to be associated with deriva-
tions ∂e and ∂e˜ if these derivations is given by
∂e(q
rχm) = d(vz0(m) + r) · q
r+s · χm+e, q = t− z0
∂e˜(t
r · ϕmχm) = d˜(v˜0(m) + r) · t
r+s˜ · ϕm+e˜χm+e˜.
Definition 6. A derivation ∂ is said to be simple in the fixed system of generators of the
algebra A, if all the vertices v of the pair (D̂v, e) is equal to zero with at most one exception.
Note that ∂e is always simple in the system of generators associated with derivations ∂e
and ∂e˜.
The proof of the next lemma is given in Appendix, because it is rather long and technical.
By αm we denote t(ϕ
m)′/ϕm.
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Lemma 3. Let ∂e and ∂e˜ be homogeneous locally nilpotent derivations of horizontal type on
the algebra A = A[Y,D] with vectors of parameters (e, vz0 , vz, d), z 6= z0, and (e˜, v˜0, v˜z, d˜),
z 6= 0 respectively. Then the following equalities hold in the system of generators associated
with ∂e and ∂e˜:
[∂e, ∂e˜](t) = dd˜ · t
s˜qs · ϕe˜χe+e˜ · B, (5)
[∂e, ∂e˜](χ
m) = dd˜ · ts˜−1qs−1 · ϕe˜ · χm+e+e˜
(
C0 + C1 + C2
)
, (6)
where
B = (v˜0(e)− s˜− vz0(e˜) + s)t− (v˜0(e)− s˜− 1)z0 − (αe + αe˜)q (7)
C0 = s˜v˜0(m)q
2 − svz0(m)t
2 +
(
v˜0(m)vz0(e˜)− vz0(m)v˜0(e)
)
tq (8)
C1 = v˜0(m)αe˜q
2 − s˜αmq
2 − vz0(e˜)αmtq + vz0(m)αetq (9)
C2 = −tα
′
mq
2 − αmαe˜q
2. (10)
Further we need an explicit form for αm. By Corollary 1 we have
div(ϕm) = D′(m)−D(m) = −
∑
z 6=0
(v˜z + σ) · z.
It follows that ϕm =
∏
z 6=0(t− z)
−v˜z(m) and
αm = −
∑
z 6=0
v˜z(m)
t
t− z
, α′m =
∑
z 6=0
v˜z(m)
z
(t− z)2
. (11)
Let us enumerate all points z such that ∆z 6= σ with indexes from 1 to l, zk 6= 0, zk 6= z0.
We introduce the following notation: µ(t) =
∏l
k=1(t− zk), µk(t) =
∏
i 6=k(t− zi). Then we
obtain
αm = −t ·
∑
zk 6=0
v˜zk(m)
µk(t)
µ(t)
, α′m =
∑
zk 6=0
zkv˜zk(m)
µk(t)
2
µ(t)2
. (12)
Besides, from Definition 4 (2) it follows that
s = −1/d− vz0(e), s˜ = −1/d˜− v˜0(e˜). (13)
Since vz = 0 for all z 6= z0, expressions v˜z(e) ≥ 1+vz(e) and vz(e˜) ≥ 1+ v˜z(e˜) of Definition 4
(2) can be simplified:
v˜z(e) ≥ 1, v˜z(e˜) ≤ −1 (14)
for all v˜z 6= 0. Our aim is to find necessary and sufficient conditions of vanishing the
commutators from Lemma 3. We first make several simplifying assumptions.
Definition 7. Homogeneous locally nilpotent derivations ∂e and ∂e˜ are called adjacent, if
colored vertices and marked points of corresponding pairs (D̂v, e) and (D̂v˜, e˜) are the same.
Note that z0 = z˜0 = 0 and vz0 = v˜z˜0 = v0 in an associated system of generators in this
case.
Proposition 2. Let ∂e and ∂e˜ be homogeneous locally nilpotent derivations of horizontal
type on the algebra A = A[Y,D]
Then ∂e and ∂e˜ commute if and only if the following conditions hold in the system of
generators associated with ∂e and ∂e˜:
(1) v˜z = 0 for all z 6= 0;
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(2) v0 ∈ N , v˜0 ∈ N , there exists a point of the divisor z1 such that v˜z1(e) = 1, v˜z1(e˜) =
−1 and all v˜z = 0 for z 6= 0, z 6= z1.
Proof. We can simplify expressions for commutators obtained in Lemma 3 under the addi-
tional conditions of the proposition. Firstly, note that by definition d = d˜ and then by (13)
we obtain s˜ + v0(e˜) = s + v0(e) = −1/d. Using Lemma 3 we have B = −(αe + αe˜)t. The
application of Lemma 4 yields that B = 0 if and only if v˜z(e) + v˜z(e˜) = 0 for all z 6= 0.
Then (8–10) is given by
C0 = 0
C1 = 1/d · αmt
2
C2 = −tα
′
mt
2 − αmαe˜t
2.
The commutator vanishes if and only if C0 +C1 +C2 = 0. Using (12) for all expressions
with α we obtain
1/d · t ·
l∑
k=1
v˜zk(m)
µk(t)
µ(t)
− t ·
l∑
k=1
zkv˜zk(m)
µk(t)
2
µ(t)2
−
−t2 ·
l∑
k=1
v˜zk(m)
µk(t)
µ(t)
·
l∑
k=1
v˜zk(e˜)
µk(t)
µ(t)
= 0.
Then for the numerator of this fraction we obtain
1/d · t ·
l∑
k=1
v˜zk(m)µk(t)µ(t)− t ·
l∑
k=1
zkv˜zk(m)µk(t)
2−
−t2 ·
l∑
k=1
v˜zk(m)µk(t) ·
l∑
k=1
v˜zk(e˜)µk(t) = 0.
Substituting zj for t we have v˜zj(m)(1+ v˜zj (e˜)) = 0. The coefficient at the leading monomial
should be zero. It follows that
∑l
k=1 v˜zj(m)
(
1 + d
∑l
k=1 v˜zj (e˜)
)
= 0. Using (14) we get
v˜zj (e˜) ≤ −1 for v˜zj 6= 0.
Here only two cases are possible. The first one is that v˜zj = 0. This corresponds to the
condition 1 of the proposition. The other possibility is that there exists a point z1 6= 0
such that v˜z1(e˜) = −1, d = 1, v˜zj = 0 for j 6= 1. Besides, using v˜z(e) + v˜z(e˜) = 0 we have
v˜z1(e) = 1. By this we obtain the second condition of the proposition. The sufficiency of
conditions is verified by a direct substitution. 
Let us consider coherency conditions (2) and (3) of Definition 4 for (D̂, e). Let ∂e and ∂e˜
be derivations with vertices V = {vz0 , . . . , vzl} and V˜ = {v˜z0 , . . . , v˜zl}, where z0 and z˜0 are
corresponding marked vertices (z˜0 = zk for some k). Then conditions (2) and (3) is given
by
v˜zk(e) ≥ 1 + vzk(e), for v˜zk 6= vzk , k 6= 0
vzk(e˜) ≥ 1 + v˜zk(e˜), for vzk 6= v˜zk , k 6= 0
dv˜z0(e) ≥ 1 + dvz0(e), for v˜z0 6= vz0
d˜vz˜0(e˜) ≥ 1 + d˜v˜z˜0(e˜), for vz˜0 6= v˜z˜0.
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The first and the second correspond to not marked points, the third and the second one cor-
respond to marked ones. Thus, each point zk is associated with two coherency inequalities:
the first one depends on e, the second one depends on e˜.
Definition 8. Homogeneous locally nilpotent derivations ∂e and ∂e˜ corresponding to pairs
(D̂v, e) and (D̂v˜, e˜) with vertices V = {vz0 , . . . , vzl} and V˜ = {v˜z0, . . . , v˜zl}, are called
coherent, if for every point zk one of the following conditions holds: vzk = v˜zk or both of
coherency inequalities for zk become equalities.
Figure 4 illustrates this definition. If a coherency inequality becomes an equality then
we draw an arrow starting from a corresponding vertex. If a point zk is marked then an
arrow is dotted.
A1z1 = z˜0 z2z0
vz0
v˜z0
vz1
v˜z˜0
vz2 = v˜z2⋆
⋆
∆z0 ∆z1 ∆z2
Fig. 4
As a corollary of Proposition 2 we obtain
Corollary 2. Adjacent homogeneous locally nilpotent derivations of horizontal type ∂e and
∂e˜ on the algebra A = A[Y,D] commute if and only if they are coherent and ∂e˜ is simple in
coordinates associated with ∂e and ∂e˜.
Proof. Since ∂e˜ is simple then there are two possibilities. If v˜z = 0 for all z 6= 0 then the
first condition of the proposition holds. The other possibility is that there exists a point
z1 such that v˜z1 6= 0. Using vz1 = 0, we obtain coherency equalities for z1: v˜z1(e) = 1 + 0,
0 = 1 + v˜z1(e˜). These last equalities lead to the second condition of proposition 2. 
Further we need the following technical lemma. The proof of the lemma is beyond the
scope of our discussion and is given in Appendix.
Lemma 4. Let zi ∈ K, zi 6= zj for i 6= j, ak ∈ Z. Then
l∑
k=1
ak
t− zk
= λ = const
if and only if λ = 0 and ak = 0 for all k.
Now we are ready to prove the main theorem
Theorem 5. Homogeneous locally nilpotent derivations of horizontal type ∂e and ∂e˜ on the
algebra A = A[Y,D] commute if an only if they are coherent and ∂e˜ is simple in coordinates
associated with ∂e and ∂e˜.
Proof. We consider two cases. The first one is the most difficult. We prove the necessity in
both cases. The sufficiency follows from substituting the equations obtained at the end of
each case.
Case 1: z0 6= 0.
We suppose that vz0 /∈ N and v˜0 /∈ N (particularly, the vertex vz0 6= 0 and v˜0 6= 0).
Otherwise one of the derivations has no marked points and any point can be chosen as
being marked. Thus, we may assume z0 = 0.
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The commutator of derivations is zero if and only if its application to t and χ is zero. By
Lemma 3 the application of the commutator to t is equivalent to the fact that (7) vanishes
as a polynomial of t.
Let us extract terms with z = z0 from −(αe + αe˜)q in (7):(
v˜z0(e + e˜)
t
t− z0
)
(t− z0) = t · v˜z0(e+ e˜).
By horizontal line above alpha we denote the sum without term with z = z0:
α¯e = −t ·
∑
zk 6=0, z0
v˜zk(e)
µk(t)
µ(t)
.
Then from (7) it follows that
B = (v˜0(e)− s˜− vz0(e˜) + s+ v˜z0(e+ e˜))t− (v˜0(e)− s˜− 1)z0 − (α¯e + α¯e˜)q.
If B is zero then B(0) = 0 and B(z0) = 0. Then using α¯e(0) = 0 we obtain
v˜0(e)− s˜− 1 = 0 (15)
1− vz0(e˜) + s+ v˜z0(e+ e˜) = 0. (16)
Now let us consider [∂e, ∂e˜](χ
m) = 0. We repeat the previous procedure with (9) and (10).
Further, C1, C2 will have the form
C1 = −v˜0(m)v˜z0(e˜)tq + s˜v˜z0(m)tq + vz0(e˜)v˜z0(m)t
2 − vz0(m)v˜z0(e)t
2+
v˜0(m)α¯e˜q
2 − s˜α¯mq
2 − vz0(e˜)α¯mtq + vz0(m)α¯etq
C2 = −tz0v˜z0(m)− v˜z0(m)v˜z0(e˜)t
2 − tα¯′mq
2 − α¯mα¯e˜q
2.
The condition [∂e, ∂e˜](χ
m) = 0 is equivalent to F (t) := C0 +C1 +C2 = 0. Hence, F (0) = 0
and F (z0) = 0 implies the following equalities:
s˜v˜0(m) = 0 (17)
−vz0(m)
(
v˜z0(e) + s
)
− v˜z0(m)
(
−vz0(e˜) + 1 + v˜z0(e˜)
)
= 0. (18)
From (17) it follows that s˜ = 0. By substituting s˜ = 0 in (13) and (15) we have
v˜0(e˜) = −1/d˜, v˜0(e) = 1. (19)
Note that by (16) expressions in brackets at vz0(m) and v˜z0(m) is equal in (18). It follows
that
(
vz0(m)− v˜z0(m)
)(
v˜z0(e) + s
)
= 0. Finally, by (16) and (18) we obtain
v˜z0(e) + s = 0, vz0(e˜)− v˜z0(e˜) = 1. (20)
Now we can simplify the equality C0 + C1 + C2 = 0. Let us group terms without α¯ as in
the following:
−vz0(m)
(
st2 + tq + v˜z0(e)t
2
)
+ v˜z0(m)
(
vz0(e˜)t
2 − v˜z0(e˜)t
2 − tz0
)
+v˜0(m)
(
vz0(e˜)tq − v˜z0(e˜)tq
)
= −vz0(m)tq + v˜z0(m)
(
t2 − tz0
)
+ v˜0(m)tq =
=
(
v˜z0(m)− vz0(m) + v˜0(m)
)
tq.
Thus, C0 + C1 + C2 = 0 has the form(
v˜z0(m)− vz0(m) + v˜0(m)
)
tq + v˜0(m)α¯e˜q
2 − vz0(e˜)α¯mtq+
+ vz0(m)α¯etq − tα¯
′
mq
2 − α¯mα¯e˜q
2 = 0.
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Note that α¯m can be expressed as α¯m = t · α¯m, where α¯m denotes the sum
−
∑
z 6=0, z0
v˜z(m)
1
t− z
. Let us repeat this procedure with all terms containing α¯ in the
last equation. Dividing by tq we have
v˜z0(m)− vz0(m) + v˜0(m) + v˜0(m)α¯e˜q − vz0(e˜)α¯mt+ vz0(m)α¯et− α¯
′
mq − α¯mα¯e˜q = 0.
Substituting 0 and z0 for t, we obtain
v˜z0(m)− vz0(m) + v˜0(m)− z0v˜0(m)α¯e˜ + z0α¯
′
m = 0 (21)
v˜z0(m)− vz0(m) + v˜0(m)− z0vz0(e˜)α¯m + vz0(m)α¯ez0 = 0. (22)
Now if we recall Lemma 4 and group all terms with α in (22) then we get v˜z0(m)−vz0(m)+
v˜0(m) = 0 for all m ∈M , that is vz0 − v˜z0 = v˜0. Note also that this implies d = d˜.
Then (21) is given by z0 · v˜0(m)α¯e˜ − z0 · α¯
′
m = 0. Using (12) and dividing by z0 we have
l∑
k=1
v˜0(m)v˜zk(e˜)
µk(t)
µ(t)
−
l∑
k=1
zkv˜zk(m)
µk(t)
2
µ(t)2
= 0.
Then for the numerator of this fraction we obtain
l∑
k=1
v˜0(m)v˜zk(e˜)µk(t)µ(t)−
l∑
k=1
zkv˜zk(m)µk(t)
2 = 0.
Substituting zj for t we get
zv˜zk(m)µj(zj)
2 = 0.
Since zi 6= zj for i 6= j, it follows that µj(zj) 6= 0. Consequently, v˜z = 0 for z 6= 0, z0. This
prove that ∂e˜ is simple.
Finally, combining (19) and (20), we obtain necessity conditions:
v˜0(e˜) = −1/d; v˜0(e) = 1; v˜z0(e)− vz0(e) = 1/d; vz0(e˜)− v˜z0(e˜) = 1.
It is easy to see that these conditions are coherency equalities for derivations at points z0
and z˜0 = 0. Substitution of these conditions in (5) and (6) proves the sufficiency.
Case 2: z0 = 0.
For z0 = 0 expressions (5) and (6) have the form
[∂e, ∂e˜](t) = dd˜ · ϕ
e˜χe+e˜ · (v˜0(e)− s˜− v0(e˜) + s− αe − αe˜)t
[∂e, ∂e˜](χ
m) = dd˜ · ts+s˜ · ϕe˜ · χm+e+e˜
(
C0 + C1 + C2
)
,
where
C0 = s˜v˜0(m)− sv0(m) + v˜0(m)v0(e˜)− v0(m)v˜0(e)
C1 = v˜0(m)αe˜ − s˜αm − v0(e˜)αm + v0(m)αe
C2 = −tα
′
m − αmαe˜.
Consequently, the commutator is zero if and only if the following conditions hold:{
v˜0(e)− s˜− v0(e˜) + s− αe − αe˜ = 0
C0 + C1 + C2 = 0.
(23)
Substituting 0 for t in both equations we obtain the necessity conditions:{
v˜0(e)− s˜− v0(e˜) + s = 0
s˜v˜0(m)− sv0(m) + v˜0(m)v0(e˜)− v0(m)v˜0(e) = 0.
(24)
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Then, the first equalities of the systems (23) and (24) implies that αe+αe˜ = 0. By Lemma 4
it is equivalent to
v˜z(e + e˜) = 0, z 6= 0. (25)
The second equation of the system (24) has the form
s˜v˜0(m)− sv0(m) + v˜0(m)v0(e˜)− v0(m)v˜0(e) = v˜0(m)
(
v0(e˜) + s˜
)
− v0(m)
(
v˜0(e) + s
)
.
By the first equation of (24) expressions in the brackets at v˜0(m) and v0(m) are equal. For
(24) let us substitute expressions in (13) for s and s˜ . Then we have{
〈v0 − v˜0, e+ e˜〉 = 1/d˜− 1/d
〈v˜0 − v0, m〉 ·
(
v˜0(e) + s
)
= 0.
(26)
Further the second equation in (26) implies two cases: v˜0 = v0 or v˜0(e)+ s = 0. The first
case corresponds to item 1 of Proposition 2. Hence, it is enough to consider the second case
to complete the proof.
Using (24) we have v0(e˜) + s˜ = 0. Substituting expressions in (13) for s and s˜ we obtain
dv˜0(e) = 1 + dv0(e), d˜v0(e˜) = 1 + d˜v0(e˜). (27)
Moreover, the second equation of (23) has the form
v˜0(m)αe˜ − v0(m)αe − tα
′
m − αmαe˜ = 0.
As in the previous case of the theorem considering the numerator and substituting zj for t
we obtain v˜zj(m)(1 + v˜zj (e˜)) = 0. Consequently, by (14) it follows that v˜zj (e˜) = −1. The
coefficient at leading monomial should be zero. This implies
l∑
k=1
(
v˜0(m)v˜zk(e˜) + v0(m)v˜zk(e)
)
=
l∑
k=1
v˜zk(m)
l∑
k=1
v˜zk(e˜).
From it follows that v˜zk(e) = −v˜zk(e˜) = 1. Hence
l ·
(
v˜0(m)− v0(m)−
l∑
k=1
v˜zk(m)
)
= 0. (28)
Thus, if l = 0 we have case 1 of Theorem 2. Otherwise the expression in brackets in (28) is
zero. Then v˜0 − v0 =
∑l
k=1 v˜zk ∈ N . Hence d = d˜ and
−1/d = 〈v˜0 − v0, e˜〉 = 〈
l∑
k=1
v˜zk , e˜〉 =
l∑
k=1
v˜zk(e˜) ∈ Z.
Consequently, d = 1 and there exists a unique point z1, such that v˜z1 6= 0 and v˜z1(e˜) = −1.
It follows that ∂e˜ is simple. Using the previous equations we have v˜z1(e) = 1. Therefore,
we obtain coherency equalities at the point z1. Finally, coherency equalities at the point
z˜0 = 0 is given by (27). This completes the proof. 
Combining all cases being described in the theorem we obtain
Corollary 3. Homogeneous locally nilpotent derivations of horizontal type ∂e and ∂e˜ com-
mute if and only if one of the following five conditions hold in associated generators system.
(1) v˜z = 0 for z 6= 0, z0 = 0, z˜0 = 0 and
1.1. v0 = v˜0; or
1.2. dv˜0(e) = 1 + dv0(e), d˜v0(e˜) = 1 + d˜v˜0(e˜);
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(2) v˜z = 0 for z 6= 0 and z 6= z1, z0 = 0, z˜0 = 0
v0 ∈ N , v˜0 ∈ N , v˜z1(e) = 1, v˜z1(e˜) = −1; and
2.1. v0 = v˜0; or
2.2. v˜0(e) = 1 + v0(e), v0(e˜) = 1 + v˜0(e˜);
(3) v˜z = 0 for z 6= 0 and z 6= z0, z0 6= 0, z˜0 = 0 and
dv˜z0(e) = 1 + dvz0(e), vz0(e˜) = 1 + v˜z0(e˜), v˜0(e) = 1, dv˜0(e˜) = −1, d = d˜.
Example 5. Let us illustrate the result on Example 3. Recall that we consider a variety
defined by proper polyhedral divisor D = [0, 1] · {0} over affine line. Besides, homogeneous
locally nilpotent derivations of horizontal type corresponding to points 0 and 1 give two
families of derivations:
∂0(t
rχm) = rtr−1χm+e
∂1(t
rχm) = (m+ r)tr+s˜χm+e˜.
Since z0 = z˜0 = 0, the example corresponds to item 2 of Corollary 3. The derivations under
consideration correspond to different marked vertices. Hence, they commute if and only if
coherency equalities hold. Then we have e = 1+0 and 0 = 1+ e˜, that is e = 1, e˜ = −1 and
s˜ = 0. Thus, derivations in variables x, y commute if and only if a = b = 0 in (4). Besides,
if both derivations belong to one family then they commute because they have the same
marked vertices. Corresponding G2a-actions have the form
(1) x 7→ x+ λ, y 7→ y + µ
(2) x 7→ x, y 7→ y + λxa1 + µxa2
(3) x 7→ x+ λyb1 + µyb2, y 7→ y.
Example 6. Now let us consider the derivations from Example 4. Note again that if both
derivations belong to one family then they commute because they have the same marked
vertices. If derivations belong to families (1) and (3) respectively then the corresponding
vertices of polyhedron ∆1 are equal. Coherency equations for ∆0 have the form a1 + 4b1 =
−4, a3 + 4b3 = 1. Then we obtain
(1) ∂1 = x
b1
3
∂
∂x1
− xb1−13 (2x1x
4
2 + 1)
∂
∂x4
, b1 ≥ 1
(3) ∂3 = x
b3
3
∂
∂x2
− 4x21x
3
2x
b3−1
3
∂
∂x4
, b3 ≥ 1.
The corresponding G2a-action has the form
x1 7→ x1 + λ · x
b1
3 , x2 7→ x2 + µ · x
b3
3 , x3 7→ x3
x4 7→ x4 − µ · 4x
2
1x
3
2x
b3−1
3 − λ · x
b1−1
3
(
2x1x
4
2 + 1 + 8µ · x1x
3
2x
b3
3
)
+
− λ · xb1−13
(
12µ2 · x1x
2
2x
2b3
3 + 4µ
3 · x1x2x
3b3
3 +
µ4
6
· x1x
4b3
3
)
,
b1 ≥ 1, b3 ≥ 1.
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If derivations belong to families (2) and (4) respectively then coherency equations have the
form a2 + 8b2 = −4, a4 + 8b4 = 1. Corresponding G
2
a-action are the following:
x1 7→ x1 − λ · x
−b2
4 , x2 7→ x2 + µ · x
−b4
4 , x4 7→ x4,
x3 7→ x3 + 4µ · x1x2x
−b4−1
3 + λ · x
−b2−1
4
(
2x1x
4
2 + 1+
+ 8µ · x1x
3
2x
−b4
4 + 12µ
2 · x1x
2
2x
−2b4
4 + 4µ
3 · x1x2x
−3b4
4 +
µ4
6
· x1x
−4b4
4
)
,
b2 ≤ −1, b4 ≤ −1.
Applying Theorem 5 to pairs (1) and (2), (1) and (4), (2) and (3), (3) and (4), we obtain
that in cases (1) and (4), (2) and (3) derivations do not commute. For the other cases similar
calculations can be performed. Therefore, we obtain the actions of the group T2 ⋌ G2a on
the hypersurface (1) with open orbit.
8. Appendix
Proof 1 (of Lemma 3). We compute the derivation on functions t, q, χm, ϕm. Substituting
0 for m and r in (3) we have
∂e(t) = ∂e(q) = dq
s+1χe
∂e˜(t) = ∂e˜(q) = d˜t
s˜+1ϕe˜χe˜
∂e(χ
m) = dvz0(m)q
sχm+e.
Using the chain rule for derivations and previous notation αm = t
(ϕm)′
ϕm
we have
∂e(ϕ
m) = (ϕm)′∂e(t) = d(ϕ
m)′qs+1χe
∂e˜(ϕ
m) = (ϕm)′∂e˜(t) = (ϕ
m)′ · d˜ts˜+1ϕe˜χe˜ = d˜αmt
s˜ϕm+e˜χe˜.
By Leibniz rule we obtain ∂e˜(ϕ
mχm) = ∂e˜(ϕ
m)χm +ϕm∂e˜(χ
m) = d˜v˜0(m) · t
s˜ · ϕm+e˜χm+e˜. It
follows that
∂e˜(χ
m) = d˜(v˜0(m)− αm)t
s˜ϕe˜χm+e˜.
Then the commutator of derivations on function t has the form
[∂e, ∂e˜](t) = ∂e(∂e˜(t))− ∂e˜(∂e(t)) = ∂e(d˜t
s˜+1ϕe˜χe˜)− ∂e˜(dq
s+1χe) =
d˜(s˜+ 1)ts˜ · ϕe˜χe˜ · ∂e(t) + d˜t
s˜+1 · χe˜ · ∂e(ϕ
e˜) + d˜ts˜+1 · ϕe˜ · ∂e(χ
e˜)+
− d(s+ 1) · qs · χe · ∂e˜(q)− d · q
s+1 · ∂e˜(χ
e).
Using the previous equalities we have
[∂e, ∂e˜](t) = dd˜ · (s˜+ 1) · t
s˜qs+1 · ϕe˜χe+e˜ + dd˜ · ts˜qs+1 · ϕe˜χe˜ · αe˜+
+ dd˜ · vz0(e˜) · t
s˜+1qs · ϕe˜χe+e˜ − dd˜ · (s+ 1) · ts˜+1 · qs · ϕe˜χe+e˜ · ∂e˜(q)+
− dd˜ · (v˜0(e)− αe) · t
s˜qs+1 · ϕe˜χe+e˜.
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The last step is factoring out the term dd˜ · ts˜qs · ϕe˜χe+e˜. Similarly using Leibniz rule we
compute [∂e, ∂e˜](χ
m) and obtain
[∂e, ∂e˜](χ
m) = ∂e(∂e˜(χ
m))− ∂e˜(∂e(χ
m))
= ∂e(d˜(v˜0(m)− αm)t
s˜ϕe˜χm+e˜)− ∂e˜(dvz0(m)q
sχm+e) =
= d˜v˜0(m)
(
s˜ts˜−1dqs+1χe
)
ϕe˜χm+e˜ + d˜v˜0(m)t
s˜
(
(ϕe˜)′dqs+1χe
)
χm+e˜+
+ d˜v˜0(m)t
s˜ϕe˜
(
dvz0(m+ e˜)q
sχm+e+e˜
)
− d˜αm
(
s˜ts˜−1dqs+1χe
)
ϕe˜χm+e˜+
− d˜αmt
s˜
(
(ϕe˜)′dqs+1χe
)
χm+e˜ − d˜αmt
s˜ϕe˜
(
dvz0(m+ e˜)q
sχm+e+e˜
)
+
− d˜
(
α′mdq
s+1χe
)
ts˜ϕe˜χm+e˜ − dvz0(m)
(
sqs−1d˜ts˜+1ϕe˜χe˜
)
χm+e+
− dvz0(m)q
s
(
d˜(v˜0(m+ e)− αm+e)t
s˜ϕe˜χm+e+e˜
)
.
After factoring out the term dd˜·ts˜−1qs−1 ·ϕe˜ ·χm+e+e˜ we have what is needed. This completes
the proof.
Proof 2 (of Lemma 4). By µ(t) denote
∏l
k=1(t − zk), µk(t) =
∏
i 6=k(t − zi). Then we
obtain
l∑
k=1
ak
µk(t)
µ(t)
− λ = 0.
The fraction vanishes if and only if the numerator vanishes:
l∑
k=1
akµk(t)− λ · µ(t) = 0.
Substituting zj for t and using the fact that µk(zj) = 0 for j 6= k we have
ajµj(zj) = aj
∏
j 6=i
(zj − zi) = 0.
zi 6= zj for i 6= j. It follows that aj = 0 for all j and then λ = 0. This concludes the proof.
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